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$u_{t}=\triangle u+\lambda|u|^{q-1}u+g(u)$ in $\Omega\cross(0, \infty)$ ,
$u=0$ on $\partial\Omega\cross(0, \infty)$ ,
$u(\cdot, 0)=u_{0}$ in $\Omega$ .
$\lambda,$ $q$ $\lambda\in \mathrm{R},$
$0<\acute{q}<1\dot{\text{ } _{ }}$
$g$ :
(A) $g$ $g(\mathrm{O})=0,$ $g(u)\geq 0(u\geq 0)$ $C^{1}$ .
(A) $g(u)=|u|^{p-1}u(p>1)$
(P) ( ) (P)
– $\lambda>0$ (Fujita-
Watanabe [4] $)$ $f(u)=\lambda|u|^{q-1}u+g(u)$ $M$ $f$
$[\mathrm{O}, M]$
$\int_{0}^{M}\frac{1}{f(u)}du<\infty$
$u_{0}=0$ (P) $u(x, t)\equiv 0$ $u(x, t)>0$ for
$(x, t)\in\Omega\cross$ ( $0$ , to) $($ [4, Theorem $1.5])_{0}\backslash \cdot$ . , . :..
$\cdot$
Fujita-Watanabe sublinear term –
$u_{t}=\lambda u^{q}(0<q<$
$1,$ $\lambda>0),$ $u(\mathrm{o})=0$ – (P)
$u_{0}$ ? $u_{0}$
$u_{0}\geq 0$ , $u_{0}\not\equiv 0$ in $\Omega$
(P) – -
$\{$
$-\triangle w=\mu w$ in $\Omega$ ,
$w=0$ on $\partial\Omega$ ,
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$\mu_{1}\text{ }$
$\varphi_{1}$ $\varphi_{1}$
$\varphi_{1}>0$ in $\Omega$ , $\sup_{x\in\Omega}\varphi_{1}(X)=1$
$-$
$\lambda>0,1-\frac{2}{N}<q<1$ $u_{0},$ $v_{0}$
$u_{0}\geq v_{0}$ , $u_{0}\geq c_{0}\varphi_{1}$ in $\Omega$
( $c_{0}$ ) $u_{0},$ $v_{0}$ (P) $u,$ $v$ $(x, t)\in$
$\Omega\cross[0, T]$




$\triangle u+\lambda|u|q-1u+g(u)=0$ in $\Omega$ ,
$u=0$ on $\partial\Omega$ ,
, Ambrosetti-Brezis-Cerami [2]
$\lambda>0$
(e.g., [7]) $N=1$ Kuto [6]
2
(P) $f(u)=\lambda|u|^{q-1}u+g(u)$ $uarrow f(u)$ $\mathrm{R}$
Lipschitz –
$r$ $r> \max\{1, N/2\}$ (P)
$L^{r}(\Omega)$ $L^{r}(\Omega)$
$A$
$Au=-\triangle u$ for $u\in D(A):=W^{2,r}(\Omega)\cap W_{0}^{1,r}(\Omega)$





(2.2) $u_{0}\in X$ , $u_{0}\geq 0$ , $u_{0}\not\equiv 0$
$m$ $m>||A^{\alpha}u_{0}||$
$K:= \{v\in C([0, T];x);v\geq 0, \sup||A^{\alpha}v(t)||\leq m\}$
$leqt\leq T$
$T>0$ $v\in K$ (2.1)
$\Phi v$ (P) $\Phi$ $e^{-tA}$
$T$ $\Phi$ $K$ $K$
(Henry [5], Pazy [8] )
Schauder $\Phi$ $K$ (2.1)
(P) –
Pazy ([8, Chapter 6])
2.1 $u_{0}$ (2.2) $T$ $u\in C([\mathrm{o}, T];X)\cap$
$C((0, T];D(\mathrm{A}))\cap C1((0, \tau];Lr(\Omega))$
$\{$
$\frac{du}{dt}+Au=f(u)$ , $0<t<T$ ,
$u(0)=u\mathit{0}$ ,
$u$




2.1 $u_{0}$ (2.2) $u_{0(X)}\geq c_{0}\varphi_{1}(x)$ $(X \in\Omega)_{\text{ }}$ $c_{0}\geq 0_{\backslash }$
2.1 $u:\Omega \mathrm{x}[0, T]arrow \mathrm{R}$
$\{$
$u_{t}\geq\triangle u+\lambda|u|^{q-1}u+g(u)$ in $\Omega \mathrm{x}(0, T)$ ,
$u=0$ on $\partial\Omega \mathrm{x}(\mathrm{o}, \tau)$ ,
$u(\cdot, 0)=u_{0}$ in $\Omega$ .
$u(x, t)\geq[_{C_{0}+}\{(1-q)\lambda t\}^{1/(}1-q)]e-\mu_{1}t\varphi(X)$ in $\Omega \mathrm{x}[0, \tau]$
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2.1 2.1 $y(t):=\{(1-q)\lambda t\}^{1/(}1-q)$
$y_{t}=\lambda y^{q},$ $y(\mathrm{O})=0$
(A) $u$




(2.5) $e^{-tA}u_{0}\geq c_{0}e^{-\mu_{1}t}\varphi 1$
. (2.3)
(2.6) $u(t)\geq c_{0}e^{\wedge}.\varphi\mu_{1}t1$ .
$u(s)^{q}\geq c_{0}^{q}e^{-}\varphi_{1}q\mu 1sq\geq c_{0^{e^{-q}}}^{q\mu}\varphi_{1}1^{S}$
(2.4)
$e^{-(t-S})Aq\geq q-q\mu_{1}su(s)c_{0^{e}}e^{-\mu 1}(t-s)\varphi_{1}\geq c_{0}^{q\mu_{1}t}e^{-}\varphi_{1}$
(2.3) ,
$\lambda\int_{0}^{t}e^{-(ts}-)Au(_{S})^{q}dS\geq\lambda c_{0}tq-e\mu 1\prime t_{\varphi_{1}}$
(2.7) $u(t)\geq\lambda c_{\mathit{0}^{t}}^{q\mu}e^{-}\varphi_{1}1t$
(2.6) (2.7)

















$u(t)\geq(1-q)^{1/}(1-q)\{\lambda(t-\epsilon)\}^{1}/(1-q)e^{-\mu_{1}(}t-\epsilon)\varphi 1$ , $(t, x)\in\Omega\cross[\epsilon, T]$
$\epsilon\downarrow 0$ (2.9) 2.1
’
22 Cuachy Aguirre-Escobedo [1, Lemma 22].







22 $1>q>1-2/N$ $u,$ $v$ : $\Omega\cross[0, T]arrow \mathrm{R}^{+}$ 2.1
$\{$
$u_{t}\geq\triangle u+\lambda|u|^{q-1}u+g(u)$ in $\Omega \mathrm{x}(0, T)$ ,
$u=0$ on $\partial\Omega\cross(0, T)$ ,
$u(\cdot, 0)=u_{0}$ in $\Omega$ .
$v_{t}\leq\triangle v+\lambda|v|^{q-1}v+g(v)$ in $\Omega\cross(0, T)$ ,
$v=0$ on $\partial\Omega\cross(0, T)$ ,
$v(\cdot, 0)=v_{0}$ in $\Omega$ .
(2.2) $u_{0},$ $v_{0}$ $u_{0}\geq v_{0}$ $u_{0}\geq c_{\mathit{0}}\varphi_{1}$ $(c_{0}>0)$
$u(\cdot, t)\geq v(\cdot, t)$ in $\Omega\cross(0, T]$
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$u^{+}= \max\{u, 0\}$ $v(s)\geq u(s)$ $s$ 2.1
$u(s)\geq c_{0}e^{-\mu 1^{S}}\varphi_{1}$
$v(s)^{q}-u(S)^{q}$ $=q \int_{0}^{1}\{_{\mathcal{T}v}(S)+(1-\mathcal{T})u(S)\}^{q-}1d\mathcal{T}\cdot w(s)$
$\leq m\varphi_{1}^{-(1q}-)w(+s)$ , $0\leq s\leq T$
$m$ (2.10)
(2.11) $w^{+}(t) \leq\lambda m\int_{0}^{t}e^{-(\iota}-s)A\mathrm{t}\varphi_{1}(-1-q)(w^{+}s)\}d_{S}$ .




(2.12) $||e^{-tA}v||_{\mathrm{p}}\leq M(p, r)t^{-\theta}||v||_{r}$ , $\theta=\frac{N}{2}(\frac{1}{r}-\frac{1}{p})$ ,
$||\cdot||_{p}$ $L^{p}(\Omega)-$ $([5])_{0}$ (2.12) l $\theta<1$
(2.11) (2.12)





$N($ 1 – $q)/2\theta<1$ 2.1
(2.13), (2.14)
$||w^{+}(t)||_{p} \leq\lambda mCM(p, r)\int_{0}^{t}(t-S)^{-\theta}||w^{+}(s)||_{p}ds$ .
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$\theta<1$ [5, Lemma 7.1.1] $w^{+}(t)\equiv 0$ $u(t)\geq v(t)$
24 22 $u\mathit{0}\geq c_{0}\varphi_{1}$ $c0>0$
22 –




24 $\lambda\leq 0$ $u,$ $v$ 22 $u_{0}$ \geq v




$u\geq 0(\not\equiv \mathrm{O})$ $(\mathrm{S}\mathrm{P})$ supersolution (resp. subsolution)
$(\mathrm{S}\mathrm{P})$ $\{$
$\triangle u+\lambda|u|^{q-1}u+g(u)\leq 0$ (resp. $\triangle u+\lambda|u|^{q-1}u+g(u)\geq 0$) in $\Omega$ ,
$u=0$ on $\partial\Omega$ ,
3.1 $\lambda>0$ $u\geq 0(\not\equiv 0)$ $(\mathrm{S}\mathrm{P})$ supersolution $-\triangle u\geq 0$ in $\Omega$
$u|\partial\Omega=0$ (Protter-Weinberger [9, pp. 64-65])
$u>0$ in $\Omega$ ,






$u_{0}\geq 0(\not\equiv 0)$ (P) $u(t;uo)$ $\lambda>0$
$q>1- \frac{2}{N}$ Sattinger [10]
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3.1 $\phi$ $(\mathrm{S}\mathrm{P})$ supersolution (P) $u(t;\phi)$
$u(x, t;\phi)\leq\phi(x)$ for $(x, t)\in\Omega\cross(0, \infty)$ ,
$x\in\Omega$ $tarrow u(x, t;\phi)$
$\lim u(\cdot, t;\emptyset)=\phi^{*}$ uniformly in $\Omega$
$tarrow\infty$
$\phi^{*}$ $(\mathrm{S}\mathrm{P})$
$\phi$ $(\mathrm{S}\mathrm{P})$ supersolution 3.1 $\phi\geq c0\varphi_{1}$ $c_{0}$
22( 24) $(x, t)\in\Omega \mathrm{x}(0, \infty)$
$\phi(x)\geq u(x, t;\phi)$
$tarrow u(x, t;\phi)$ $h>0$ 22(
24) $u_{0}=\phi,$ $v_{0}=u(h;\emptyset),$ $u(t)=u(t_{-};\phi),$ $v(.t)=u(t+h;\emptyset)$ $:_{\star}‘.$ .





$L^{r}(\Omega)$ (3.1) – (
$C^{1}(\Omega)$ – )
$E(u)= \frac{1}{2}\int_{\Omega}|\nabla u(x)|^{2}dx-\frac{\lambda}{q+1}\int_{\Omega}|u(x)|^{q+}1d_{X}-\int_{\Omega}G(u(X))dX$
( $G(u)= \int_{0}^{u}g(v)dv$ ) $E(u(t;\phi))$ $t$
$\{u(t;\emptyset)\}_{t\geq}0$ $\omega$ $\omega(\phi)$ $(\mathrm{S}\mathrm{P})$ $\phi^{*}$
$(\mathrm{S}\mathrm{P})$ Henry [5]
subsolution
32.. $\psi$ $(\mathrm{S}\mathrm{P})$ subsolution $c_{0}$ $\psi\geq c0\varphi_{1}$
(P) $u(t;\psi)$
$u(x, t;\psi)\geq\psi(x)$ for $(x, t)\in\Omega\cross(0, \infty)$ ,
$x\in\Omega$ $tarrow u(x, t;\phi)$ \rangle $(\mathrm{S}\mathrm{P})$ $\phi_{*}$




3.1, 32 $(\mathrm{S}\mathrm{P})$ $g$ (A) $g’(\mathrm{o})=0$
$w=\epsilon\varphi_{1}$









$\lambda>0$ $u(t;\epsilon\varphi 1)$ 32 $t$
$(\mathrm{S}\mathrm{P})$ $u\equiv 0$ – $\lambda\leq 0$ $u(t;\epsilon\varphi_{1})$





. .$\cdot$.. . $i$
$(\mathrm{S}\mathrm{P})$
$\lambda$
( $(\mathrm{S}\mathrm{P})_{\lambda}$ ) $g(u)=u^{p},$ $1<p\leq(N+2)/(N-2)$
Ambrosetti-Brezis-Cerami [2], Ouyang-Shi [7]
A :
(i) $\lambda>\Lambda$ $(\mathrm{S}\mathrm{P})_{\lambda}$
(ii) $0<\lambda<\Lambda$ $(\mathrm{S}\mathrm{P})_{\lambda}$ $u_{\lambda}$ $u_{\lambda}$ $\lambda$
(iii) $0<\lambda<\Lambda$ $(\mathrm{S}\mathrm{P})_{\lambda}$ $v_{\lambda}$ $\Omega$
$P\leq N/(N-2)$ $(\mathrm{S}\mathrm{P})_{\lambda}$ 2
$\lambda>0$ $u_{\lambda}$ $(\mathrm{S}\mathrm{P})_{\mu}$ $u_{\mu}$
(3.2) $\triangle u_{\mu}+\lambda u_{\mu}+q(gu_{\mu})--(\lambda-\mu)u_{\mu}^{q}$
$\mu>\lambda$ $u_{\mu}$
$(\mathrm{S}\mathrm{P})_{\lambda}$ supersolution 3.1
$tarrow\infty$ $u(t;u_{\mu})arrow u_{\lambda}$ ( $\Omega$ – ) (3.2)
$\mu<\lambda$ $u_{\mu}$ $(\mathrm{S}\mathrm{P})_{\lambda}$ subsolution 32 $\mathrm{a}$
$tarrow\infty$ $u(t;u_{\mu})arrow u_{\lambda}$ ( $\Omega$ – )
Ouyang-Shi
33 $\Omega$ $P\leq \mathrm{A}^{\tau}/(N-2)$ $\lambda\in(0, \Lambda)$ $(\mathrm{S}\mathrm{P})_{\lambda}$
2 $u_{\lambda},$ $v_{\lambda}(u_{\lambda}<v_{\lambda})$ $u_{0}\geq 0(\not\equiv 0)$ $\mu>\lambda$ $\mu$
$u_{0}\leq v_{\mu}$
$(\mathrm{P})_{\lambda}\text{ }\hslash^{J}\mp^{\mathrm{J}}u(t;u\mathrm{o})$





$\triangle w+\lambda w^{q}+w^{p}=K(K^{p-1}-1)v_{\lambda}^{p}-\lambda K^{q}v_{\lambda(K^{1-}}^{q}q-1)$
$\triangle w+\lambda w^{q}+w^{p}>0$ (resp. $<0$ ) if $K>1$ (resp. $K<1$ ).
$\{$
$K<1$ $Kv_{\lambda}$ $(\mathrm{S}\mathrm{P})_{\lambda}$ supersolution
$K>1$ Kv\mbox{\boldmath $\lambda$}( $(\mathrm{S}\mathrm{P})_{\lambda}$ subsolution
3.1 $v_{\lambda}$
34 $u_{0}\geq 0$ $K<1$ $u_{0}\leq Kv_{\lambda}$ $(\mathrm{P})_{\lambda}$ $u(t;u_{0})$
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